Using an extended Lewenstein model under single-active electron (SAE) and linear combination of atomic orbital approximations, we perform a theoretical investigation of the high harmonic generation (HHG) spectrum of diatomic molecular systems in intense short-pulse laser fields. The wavelet transform and Wigner distribution, two complementary time-frequency methods, are extended for the exploration of the underlying mechanisms responsible for the fine structure of HHG peaks in the plateau regime. We found that, under some conditions, the HHG fine structure is mainly due to the interference between the long and short trajectories. The extension of the cut-off in the molecular HHG spectrum is also observed when the internuclear separation is large. Detailed analysis shows that the one-centre and two-centre terms contribute, respectively, to the low-and high-energy parts of the molecular HHG spectrum.
Introduction
High-order harmonic generation (HOHG) of atoms, as one of the most important photonemission phenomena in multiphoton ionization processes, has been studied intensively during the last decade [1] [2] [3] [4] [5] [6] [7] . Meanwhile, molecules as sources of HOHG have also gained more and more attention in recent years [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The prevailing picture of HOHG is the recombination picture for a low-frequency laser (the laser frequency is much smaller than the ionization potential) [3, 4] . In this picture, electrons first tunnel through the barrier formed by the atomic potential and the laser field and appear in the continuum with zero velocity. Their subsequent motion in the field is treated classically. Only those electrons that return to the nucleus can emit harmonics by recombining to the ground state [3] through a so-called 'stimulated recombination' process [19] . With a many cycle laser pulse, the maximum kinetic energy gained by the electron is 3.17U p , where U p is the quiver energy of free electrons in an oscillating field. This picture is obtained by a semiclassical approach. A quantum theory considering one bound state and an undistorted continuum has been developed by Becker et al [20] and Lewenstein et al [21] , which confirms the semiclassical interpretation. Recently, quantum electrodynamics theory has also been developed to describe HOHG [22] [23] [24] . In spite of the different description of the ionization and motion in a field from the semiclassical approach, they actually give similar pictures of HOHG with the recombination picture.
Different from the atomic case in which there is one centre leading to only one category of trajectory, the two centres in diatomic molecules give rise to four qualitatively different trajectories [12] . Beside the one that is analogous to the atomic case (scenario A) in which the electron starts from one centre and recombine at the same one, the electron can start from one centre and recombine at another centre bypassing either the centre it starts from (scenario C) or the other one (at which it is going to recombine (scenario B)). In scenario D, the electron starts at one centre and moves directly to the other. It is obvious that these different trajectories will give different maximal kinetic energies (giving different cut-off positions in spectra) and different contributions to the harmonic spectrum.
Consideration of the pulse duration and shape leads to complex structure in the atomic HOHG spectrum, which reflects the interference of different trajectories [25] [26] [27] [28] . The timefrequency analysis of HOHG has been done by several different methods. Wavelet is a very useful tool since it can provide almost arbitrary resolution on time or frequency, which can be used to, for example, reveal the recombination time of the returned electron [29, 30] to test the validity of the semiclassical picture [31] . Moreover, the Wigner distribution was also proposed to perform this kind of analysis [28] and it can provide a very helpful overall picture of the process and a vivid image of the interference pattern.
The purpose of this paper is to investigate the harmonic spectra of molecules in short pulses and study the mechanism of the fine structures of the harmonic peaks. Comparison with an atomic spectrum is also done to illustrate the effects of the two-centre feature of molecules.
Theory
The Lewenstein model [21] has been extended to treat molecular HOHG, e.g. [32] . We chose velocity gauge in the Lewenstein model and calculated the Fourier transformation of dipole acceleration to obtain the harmonic generation. Making the same assumptions as in [21] , the wavefunction can be written as (we use atomic units, but express all energies in terms of the photon energy)
where a(t) 1 is the ground-state amplitude and b(p, t) are the amplitudes of the corresponding continuum states. The Schrödinger equation for
where A(t) is the laser field:
Here f (t) is the envelope of the pulse and we have assumed that the linear polarization of the laser field is in the x direction and neglected the depletion of the ground state.
Equation (2) can be solved exactly as
The x component of the dipole acceleration is calculated by
Neglecting the contribution from the continuum-continuum part [33] , we get the final expression
where
and φ(p) is defined by
We adopt the standard linear combination of atomic orbital approximation to describe the molecular wavefunction that is considered as a single-active electron two-centre molecular orbital, which is chosen as a linear superposition of one-centred atomic orbitals [34] . The ground state of the molecule is expressed as
where ϕ i is the atomic wavefunction. Here plus and minus signs denote bonding and antibonding orbitals, respectively. Then we have for a molecule
Here i (p) is the Fourier transform of the atomic wavefunction. Substituting equation (9) into equation (6), we obtain the dipole acceleration expression in the molecular case
Here S i denotes the classical action different from atomic case due to the two-centre structure of molecules. In calculation of equation (10), we treat the integral over p by only considering the major contribution from the stationary points of the classical actions [21] ,
which gives
with p yc = p zc = 0. Here the internuclear axis of the molecule is assumed to be parallel to the laser polarization. Then we finally get
Before going to the next section, we would like to make some comments on the gauge chosen in our approach. Though the exact calculation of all the processes should be gauge independent in principle, calculations on the extension of the Lewenstein model to molecules found that, with an adapted saddle-point method that takes into account the molecular structure as being adopted in our approach as well, velocity gauge is superior to length gauge since it gives a spectrum consistent with numerical simulation (especially when the internuclear distance is large) [12, 17] , which validates our following calculations.
Results and discussion
The harmonic spectra of molecule H 2 is calculated using the above formulae and is shown in figure 1 . The parameters used in the calculation are peak intensity I = 1 × 10 14 W cm −2 and wavelength λ = 1064 nm. The wavefunction of the ground state is constructed in the same way as in [34] . Sine square shape pulses with total width equal to 20 and 60 optical cycles are adopted. Figure 1(a) is in good agreement with the spectrum presented in figure 3 of [35] using ab initio calculation. More interestingly, a quite universal fine structure in the individual harmonic peak can be found in the plateau regime of both spectra shown in the insets of figures 1(a) (the 37th harmonic), (b) (the 39th harmonic) and figure 3 of [35] (e.g. the 23rd order). The individual harmonic peak is divided into three parts: one central main peak (it may also have more structures as shown in the inset of figure 1(b)) with two or more separated small side peaks on both sides. This structure can also be found in the harmonic spectra of an atom in the laser pulse with same peak intensity and wavelength as shown in figure 2 .
To reveal the mechanism of this interference effect, the Wigner distribution is applied to analyse the frequency-time distribution of the harmonic spectrum [28] :
where D(t) is a time signal, which is a suitably frequency-windowed dipole acceleration here, for analysis. The Wigner distributions of a molecule and an atom are plotted in figures 3(a) and 4(a), respectively. Meanwhile the curves of semiclassical calculations for the frequency variation of short and long trajectories are also presented in figures 3(b) and 4(b). The frequency variation of the Nth harmonic is calculated by
where φ is the dynamic phase of the Nth harmonic [28, 36, 37] . Moreover, the accurate initial velocity calculated from the relation m e v 2 0 2 + I p = 0, which is given by the saddle-point method and leads to complex-valued ionization and recombination time, is used to consider the tunnelling aspect of the ionization [21, 28] . Since the molecule has four different kinds of trajectories, the two kinds of trajectories that give higher cut-off positions of HHG are calculated and depicted in figure 3 . The solid line is the trajectory A and the dotted line is the trajectory C. For a molecule with equilibrium internuclear distance (R = 1.4 au for H 2 ), which is always small, these curves from different categories of trajectories are very close to each other. It is well known that long and short trajectories have different dependence on variation of intensity [26, 28] . As shown in the figures, δω is equal to zero for both long and short trajectories at the pulse centre since ∂I ∂t is equal to zero. When time goes forward or backward, the two curves separate from each other. But they will meet at the times when the laser intensity decreases to the cut-off intensity of the Nth harmonic and finally composes a two-loop structure. Comparing the Wigner distribution with the spectra, one can note that the positions of the peaks approximately coincide with the positions where the long trajectory and short trajectory meet. At the positions where they meet, the spectrum is enhanced to give maxima. When two curves are separated, they may interfere destructively to give minima in the spectrum. So it can be concluded that the three-peak structure in the harmonic spectra is due to the interference between long and short trajectories. Moreover, when these two curves are separated, they may also interfere constructively to give maxima, which give rise to additional subpeaks as shown in, e.g. the 31st-order harmonics in figures 1(b) and 2. The time-frequency distribution can also be obtained using wavelet analysis [26, 29, 31] :
where W (t) is a windowed oscillating function. The usual choice is Morlet's wavelet
(in units of ω 0 here). In figure 5 (a), α = 0.2 means that the time resolution is high so that two well-separated peaks, which are the returning times of the electron wavepacket [31] , can be distinguished within each half optical cycle. However, all three time profiles nearly coincide because the energy resolution ω (about 5 times the laser photon energy) is so large that these time profiles can hardly distinguish the difference between the subpeaks in the inset of figure 1(a) . It can be seen in figures 5(b) and (c) that when α increases, the time profiles become more and more different. In figure 5(c) , the time profiles clearly reach maxima at three different times when the photons with different energy are mainly emitted (but in this case, the time resolution is already too low so that only broad peaks can be seen in each time profile). This is consistent with those shown in the Wigner distribution analysis (figure 3) since now the energy resolution is high enough to distinguish the energy difference between the three subpeaks. In summary, these analyses confirm the mechanism revealed in the above Wigner distribution.
In general, the interference between different trajectories in harmonic generation can be very complicated. The appearance of three-peak structure in the harmonic spectra discussed above requires some conditions to be fulfilled. At first, the intensity should be lower than the saturation intensity. Otherwise, the neutral atoms will be all ionized before the field reaches its maximum. The subpeak in the low-frequency part will not be seen and a pure blue shift will be observed in this case, e.g. as shown in the inset of figure 4 of [31] , which shows three-peak structure that should also be due to the interference between components of long and short trajectories. Secondly, the pulse duration should not be too short. Since if the derivative of intensity
∂I ∂t
is too large, δω will be too large so that the curves from different order harmonics overlap (|δω| > 1) too much and will give rise to a more complicated interference pattern [27] . Actually the long trajectories of the 37th harmonic in figure 1(b) already extend into the regime of the neighbouring harmonic as shown in figure 3(b) . This overlap and interference between the trajectories of different harmonic order might cause the discrepancy between the classical trajectories and the Wigner distribution in figure 3 to be larger than that of the atomic case in figure 4 , in which the pulse duration is much longer so that the trajectories do not extend to the regime of other harmonics. As shown by the comparison between molecular and atomic spectra in figures 1 and 2, the harmonic spectra of the atom and molecule are quite similar to each other since so far the internuclear distance of the molecules we consider is too small to have any observable effects on the spectrum [35] . The two-centre effects on the harmonic spectra (e.g. the extension of the cut-off) can only be seen in the calculation with large internuclear distance [12] . Figure 6 shows the harmonic spectrum of H + 2 with large internuclear distance R = 16 au ( I p = 0.5625 au). The spectra obtained by considering only the one-centre term (the term including S 0 in equation (10)) and two-centre terms (the terms including S 1 and S 2 in equation (10)) are also presented for comparison. Very interestingly, the one-centre spectrum coincides with the molecular spectrum in the low-energy part but diverges from the molecular spectrum in the high-energy part. In contrast, the two-centre spectrum coincides with the molecular spectrum in the high-energy part (cut-off regime) but diverges from it in the low-energy part. This clearly indicates that the extension of the cut-off in the molecular spectrum is due to the two-centre characteristic of the molecule. However, the main contribution to the low-energy part of the molecular spectrum is from the one-centre term. The reason for this phenomenon can be explained in the following. The action of the two-centre term is written as where the plus and minus signs refer to the action 1 and 2 defined in equation (11), respectively. If a saddle-point method is applied to perform the integration over t when the Fourier transformation is adopted to obtain the harmonic spectrum, one gets [21] 
For low-order harmonic that satisfies nω < I p , the momentum can be expressed as
where only one-dimensional case is considered for simplicity. For the Nth harmonic, one has
where S is the action defined in equation (7). So two-centre terms contribute to low-order harmonics much less than the one-centre term.
To clearly demonstrate the extension of the cutoff in molecular HHG with large internuclear distance due to its two-centre characteristic, the kinetic energies versus recombination time of different trajectories are plotted in figure 7 . The maxima give the maximal kinetic energy that a photoelectron can gain in the laser field when it recombines to the core after ionization. Two groups of curves are presented here: the two lower curves (dash-dot and dash lines) and two higher curves (dotted and solid lines) refer to trajectories for scenario A and C, respectively. Curves for trajectories for scenario B and D are not presented here since they give lower maximal kinetic energies than A and C in this case. If the initial velocity of the electron is assumed to be zero, one obtains the well-known cutoff position 3.17U p for trajectory A that is the same as for an atom and the same results of [12] for the extension of the cut-off due to the two-centre feature of the molecule because the electron can gain more kinetic energy from the external field since it will experience a longer acceleration time when it recombines to another centre in trajectory C. These two curves are plotted in figure 7 as the dash-dot and the dotted lines. If the exact equation of the initial velocity is considered, which gives rise to complex trajectory, the result will be different [21] . For example, for H + 2 with R = 16 au under the conditions used in the calculation, the more exact value of maximal kinetic energy is 5.33U p (shown by the solid line in figure 7) , giving a cut-off order of 31, compared to 4.53U p (shown by the dotted line in figure 7 ) without considering the tunnelling effect, which gives a cut-off order of 28. It is obvious that the former one is more consistent with the spectrum as shown in figure 7 .
Conclusions
In conclusion, the Lewenstein model is extended to the molecular case to calculate the harmonic generation of molecules exposed to intense laser pulses. When the internuclear distance is small, the spectrum of a molecule is very closed to that of atoms. Wigner distribution and wavelet transform are used to analyse the fine structure of the spectra. Under some conditions, the quite universal three-peak structure that can be found both in molecular and atomic spectra is due to interference between long and short trajectories. The extension of cut-off in the molecular spectrum is also observed when the internuclear distance is large. By comparison between one-centre, two-centre and molecular spectra, we find that the one-centre term gives the main contribution to the low-energy part while the two-centre term contributes mainly to the high-energy part of the molecular HHG spectrum. Furthermore, the cut-off position is more consistent with the prediction of the semiclassical calculation considering the tunnelling effect.
